
Fully Asynchronous, Robust, High-throughput Arithmetic StructuresP. Patra and D. S. FussellDepartment of Computer SciencesThe University of Texas at AustinAustin, TX 78712-1188, USAAbstractThis paper presents some novel circuit designs forbit serial adders and multipliers built out of some un-usual, but well-de�ned, circuit primitives. The circuitsare fully delay-insensitive, provide good reliability andspeed, and are easily veri�ed. The structures are 
ex-ible and handle inputs of arbitrary lengths while beingasymptotically optimal in speed and area. The scala-bility of these circuits makes them very attractive forapplications such as RSA cryptosystems which needvery large operands and fast multiplication.1 Introduction and previous workWhile most digital circuits to date have been de-signed as synchronous, clocked systems, there has re-cently been a surge of interest in asynchronous cir-cuits, mainly due to the potential and realized ad-vantages of asynchronous circuits for modern low-power computing and communication applications [6].The class of \delay-insensitive (DI) circuits" { circuitswhose external behaviors make no explicit referenceto time and are independent of any (non-negative)delays in their internal components and wires { is asubclass of the class of asynchronous circuits. A delay-insensitive design discipline requires that a second sig-nal is not sent along a wire (or channel) until its prede-cessor has been acknowledged [11]. This class holds agreat potential for low-power applications as well dueto factors such as (1) absence of global clock trees tobe powered, and (2) the computations or signal ac-tivity being driven by `useful-only' transition events(so, CMOS circuits use little energy when quiescent).The `moderation' of current peaks is inherent becausegates do not switch in a synchronous fashion, thus re-ducing noise and circuit degradation such as `groundbounce'. Higher throughputs can result, without ahigh increase in design complexity, because of the ab-sence of any critical global timing concerns and be-

cause circuits compute as fast as the data and theoperations allow. Added bene�ts include resilience toscaling of IC feature size and to large variations in op-erating conditions such as temperature and voltage.We give 2-phase, transition-based designs for a'
exible' bit-serial adder and a high-throughput, very
exible and scalable bit-serial multiplier. Bit-serialcircuits are very important for signal processing as wellas for many communication applications ([9, 2]). In anRSA Public Key Cryptosystem, each net user has ex-actly one private key d and one public key e, irrespec-tive of the number of people on the net. A messageMis encrypted by raisingM to e to obtain cryptogramC,whileM is recovered by raising C to d { all operationsdone modulo a known, large number N . The numbersinvolved are usually quite large (e.g. 1024 bits long)to make decryption without the private key compu-tationally infeasible. A high-throughput and scalablemultiplier for very wide operands, which make theirparallel implementations impracticable, is highly de-sirable for, e.g., RSA cryptosystems [2, 12].To reduce the area requirements of pure DI circuits,many researchers and practitioners ([5, 10]) introducetiming assumptions such as isochronic forks, bundled-data constraints, etc. or even perform timing sim-ulations to control delays in various circuit paths inline with traditional asynchronous design methods. Ofcourse, this compromise often leads to increased designcomplexity and erosion of the above-mentioned bene-�ts of truly DI systems. Moreover, the application ofthe DI technique to data processing circuits has beenless thoroughly explored. (The overhead of completiondetection is considerable for many parallel-data appli-cations.) Our paper explores the design of fully asyn-chronous serial-data processing circuits that are guar-anteed to be race- and hazard-free and demonstratesmany nice and interesting properties of such circuitsat signi�cantly more reasonable area overheads thansuspected earlier. Some ideas of asynchronous pipelineprocessing ([8]) can help mitigate the problems of area



overhead and throughput when using purely delay-insensitive modules. Furthermore, our designs use`primitives' from a very small set suitable for imple-mentation as a standard-cell library and amenable toautomatic primitive-level optimization techniques.Other attempts at asynchronous multipliers havebeen generally suitable for parallel implementationonly ([3]).2 Primitive modules and notationWe need a repertoire of building-block componentsor primitives to build general circuits. Dependingon the level of abstraction, it may be just transistorsor functional blocks such as memory and ALU. Weconsider design at the module level and we use theasynchronous primitives shown in Table 1 for realizinglarger circuits as a network of these primitives. Eachprimitive's speci�cation is given next to it in the TraceTheory ([11]) formalism.In Trace-theoretic notation, symbol names areviewed as atomic trace-structures representing sim-ple speci�cations. A symbol name standing for a port(terminal) is sometimes appended with `?' or `!' todenote clearly that the name stands for an input oroutput, respectively. A more complex speci�cationis built recursively from the primitive speci�cationsby applying following operations on trace structures:`pref' is pre�x-closure; `;' is sequential composition,but often we will use mere juxtaposition to denote se-quential composition. `k' is parallel composition; `j' isnon-deterministic choice, and `?' is the Kleene-closureon appropriate trace-structures. (For a good introduc-tion to trace theory for specifying circuits, see [1].)We very often use the Join primitives. Them�n-Join primitive, with the two arguments m andn left unbound, is operationally described as follows:It has m row inputs, n column inputs, and a matrixof m � n outputs| one for each pair of row and col-umn inputs. The device and its environment repeatthe following behavior: The device waits to receiveexactly one row-input and exactly one column-input;upon receiving the two inputs it makes a transition onthe output corresponding to the input pair. Joins areequivalent under swapping of the row and the columninputs. In schematics, we indicate the fanout froman output of a Join by drawing lines outward from a�lled circle corresponding to the input row and the in-put column that excite it. (m�n �lled circles are laidout in an array for a m�n-Join module indicating itsoutput terminals.)Example:
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q!p! pref(((a?kc?) p!) j((a?kd?)q!)j((b?kc?)r!) j((b?kd?)s!))?Table 1: A set of DI primitives used hereWe illustrate trace-theory notation using, as an ex-ample, a 1�2-Join, whose set of traces is given by:pref(((a?kb0?) c0!) j ((a?kb1?)c1!))?. The sym-bols with the su�x `?' represent transition eventsat the three input ports of this module, namely,a, b0, and b1. Similarly, output symbols c0 andc1 represent two output actions (and their occur-rences). Hence, the input set is h a, b0, b1i and theoutput set is h c0, c1i. Examples of valid par-tial behaviors are: a, a b0, a b0 c0, a b0 c0 b0,b0 a c0, b1 a c1 a b1 c1, a b1 c1 b0 a c0.Some invalid traces are: (1) a b0 b1, (2) b0 c0. (1)is invalid because the environment cannot sendboth column inputs b1 and b0 without an inter-mediate output from the Join. (2) is invalid be-cause output c0 is produced too early.A Fork, represented by branched lines, accepts one in-put and then produces two outputs, before repeatingself. A Merge, also known as a 2-input Xor, can ac-cept exactly one input which is followed by an outputtransition, before it repeats itself.An \empty circle" at an input terminal of a Joindevice implies an initialization of the Join componentsuch that it behaves as if a transition at that terminalhas already occurred initially. We often use a circle



labeled with `P' as a pictorial short-hand for a (parity)tree consisting of one or more Merges.3 The AdderThe Adder we wish to design is intended to receivetwo operand streams of serial data, representing twonumbers, on the input channels A and B, and emitout the result of their addition as a bit stream (num-ber) on channel D. The input numbers are of arbi-trary sizes, the least signi�cant bit (LSB) coming in(going out) �rst. The last bit of a stream is followedby a signal transition to indicate end of the numberinvolved. The Adder is expected to handshake on allthe three channels to communicate with its environ-ment and to derive appropriate timing information,and to avoid any possible hazards/races irrespectiveof any delay in the wires or components (primitives)used in the design. To transmit a bit of informationasynchronously we need two wires so that the validityof the data is encoded within the data itself ([6, 5]).There is also a return signal wire from the receiverto the transmitter to indicate when the current dataitem was received so that the transmitter can placethe next data item. This is needed because there areno global timing assumptions that clocked digital cir-cuits make. The only way for proper synchronizationis via some form of `handshake'. We use 2-phase, i.e.`non-return to zero', protocol to partially reduce thehandshake time and the ensuing switching energy, andfor its simplicity. (Often there is a a penalty in termsof some increased area or load-capacitance.) There isone more wire to signify the end of a number's bitstream.We use a simple gray-coding of data, di�erent fromthat suggested in [6]: The value 1 or 0 is associatedpermanently with one or the other wire of the pair ofdata wires in a channel. For example, a transition onwire A1(A0) indicates a 1(0) value on channel A. Aeis the signal signifying the end of the current numberin channel A. Ak is the handshake signal from thereceiver of channel A to acknowledge receipt of a 0, 1,or the end signal. A transition itself signi�es arrivalof a new value or event { no `spacers' required in thisscheme.The schematic for the Adder is shown in Fig-ure 1(a). The Adder is viewed as a delay-insensitivecomposition ([1]) of two modules EqualizeAB and Ad-dEqual shown in �gures 1(b,c). EqualizeAB takes intwo numbers A;B and outputs numbers G;H suchthat A = G and B = H and that the lengths jGj andjHj are equal. EqualizeAB appends a shorter inputnumber with su�cient zeros, and generates the \end
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Figure 1: The Serial Adder: handles input numbers ofany sizesignal" E when it has seen the end of both input num-bers. AddEqual is the adder that adds the numbersG;H and outputs the value on channel D and alsoacknowledges inputs G;H from EqualizeAB via wireK. Any carry/over
ow bit from the most signi�cantplace during addition is emitted out upon seeing theend signal E, before De is generated to complete anaddition operation. Note that EqualizeAB acknowl-edges each input data bit from the environment whiledelaying the \end" signal of the shorter operand num-ber, if any, until the entire addition is complete.The �nal DI decompositions of the two modulesEqualizeAB and AddEqual into a set of Fork, Join,and Merge=Xor gates are given in �gures 1(d) and(e), respectively. (Recall that a parity tree (circle overP) can be decomposed into one or more Xors, de-pending on the number of inputs. The behavior re-mains delay insensitive as long as at most one inputtransition occurs at a time.) [4] provides a formalveri�cation of this Adder using DI Algebra. For ourpurposes, you may recall the behavior of a Join prim-itive and manually trace the signals to satisfy yourselfthat EqualizeAB and AddEqual operate as describedabove. We indicate the internal signals c0 and c1 whichrepresent the carry from an addition of a pair of bits.The 3�2-Join and 2�2-Join act as two `half-adders',except that the 3�2-Join can process the end signalto emit out any left over carry, from the most signif-icant bit, to complete an addition of two numbers Gand H. (This way two n-bit numbers can generate a(n + 1)-bit result.) Note that Dk, the acknowledge-ment from the D channel, serves to synchronize eachbit-addition to avoid any possible data over-writes on
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BMn�1 are some what simpler than the intermediatemodulesBMi, 0 < i < n�1. Each BMi, 0 < i < n�1,has an interface at the bottom which is identical to theone on the top. Each BM strips o� a bit from the Bstream to process and passes the rest down. On theother hand, each bit of A is processed as well as copieddown. The P interface of an upper BM is one end ofthe channel whose other end is the A interface of theBM just below it. Q and B are related similarly.SLe and Le similarly form a pair. The 2�3-Join onthe left handles the stripping and passing of the B bitstream. The two Joins on the right of a BM multiplythe A bits with the particular bit stripped and savedby the 2�3-Join. This is how the partial product iis generated by BMi, which then feeds it to an Adderon the right.The Le signal is an artifact to generate appropriatepadding zeros so that each bit-column of the partialproducts has exactly n bits to be fed to the tree ofAdders on the right. The circuit is initialized such away that a transition is generated on the SLe outputwire of BM0. This wire can be merged with a systeminitialization signal to generate the appropriate tran-sition (we have not shown this in the �gure). Thisinitialization kicks in the initial generation of the zerosmentioned above. This is a crucial trick to obtainingthis fast multiplier. These zeros are again generatedafter the Ae is received during a multiplication, mak-ing them ready for the next multiplication operation.An additional signal wire Qek serves to acknowledgeinput Be so a B operand of arbitrary length can behandled.4.2 Properties of the multiplierThis DI multiplier has a latency of O(logn) { thebinary tree of Adders introduces that. When the in-puts are ready after the present pair of operands areaccepted, the e�ective latency can reduce to zero. Thisis possible because the BM column can start pro-cessing a new pair of operands before the completejAj + max(jBj; n) bits of the product are output. Inother words, a constant through-put can be main-tained if no \bubbles" are introduced into the pipelineby the environment. The maximum through-put inthis case is limited by the propagation delay throughan Adder, which is optimal and a constant indepen-dent of n. As noted above, the design is very robustand 
exible in allowing variable length input operands.
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Figure 3: Decompositions of the `shifter' components5 Implementation issues and perfor-mance estimationIn the following we show area- and time- e�cientand, yet, robust transistor designs for our primitives.All input and output wires are assumed to be initial-ized to a logical LOW, unless indicated otherwise bythe \empty circles".Figure 4(b,c) shows a representative implementa-tion (and the legend) for `one of four' quarters of a2�2-Join corresponding to the four symmetric out-puts. The multiplexor in Figure 4(d) was imple-mented as a 5-transistor Xnor gate with inputs suit-able bu�ered. The \bridge" structure in �g.4(b) pro-vides two parallel signal paths, aiding speed, whileswitching. The other 3 quarters of the 2�2-Join canbe implemented by suitable renaming of external in-puts and outputs. For initialization, the simplest ap-proach of adding a strong n-mosfet at an output isadopted as shown in �g.4(b). Note that if all the
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exible, and robust while being op-timal in speed. These structures may also be adaptedto circuits using other asynchronous techniques whiletrading o� absolute delay-insensitivity for area andsome speed gains. The scalability of these circuitsmake them very attractive for applications such asRSA cryptosystems using very large operands and fastmultiplication. `H-tree' type of layout may be used forthe tree-like topology of the multiplier.We have only emphasized the high-level \architec-
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